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bJQ' Abstract. Motivated by Yang-Mills theory in An dimensions, 

and generalizing the notion due to Atiyah, Drinfeld, Hitchin and 
"^ ' Manin for n = 1, Okonek, Spindler and Trautmann introduced 

fvj , instanton bundles and special instanton bundles as certain alge- 

£SJ ' braic vector bundles of rank 2n on the complex projective space 

P 2n+1 . The moduli space of special instanton bundles is shown to 
»-h» ■ be rational. 

< 



1. Introduction 



An instanton is a self-dual solution of the SU(2) Yang-Mills equa- 
tions on the Euclidean sphere S 4 P, Exp. 1]. Via the Penrose trans- 
formation, these correspond to certain algebraic vector bundles of rank 
2 on the complex projective space P 3 , which are consequently called 
lO '. instanton bundles [2J [U] . 

^?* \ Salamon [19] and Corrigan-Goddard-Kent [7] have independently 

generalized this picture to Yang-Mills theory in dimension 4n, replac- 
ing S* 4 and P 3 by the quaternionic projective space MF n and the twistor 
space over it, which is the complex projective space P 2n+1 . Now cer- 
tain Yang-Mills connections on HTP n correspond to certain algebraic 
vector bundles on p 2n+1 ; cf. §3] and [TH Corollary to Main The- 
orem 2]. Motivated by this generalization of the Penrose transform, 
Okonek and Spindler [TS] extended the notion of instanton bundles to 
algebraic vector bundles of rank 2n on p 2n+1 . 

A fundamental tool in the study of algebraic vector bundles on pro- 
jective spaces is their description in terms of monads [13j[3j[T7]. It often 
allows to describe the vector bundles at hand in terms of some linear 
algebra data. In particular, the Beilinson spectral sequence [1] yields a 
correspondence between instanton bundles and instanton monads; we 
recall this in Section [2] below. 

Hirschowitz and Narasimhan [TD] have introduced certain special in- 
stanton bundles on P 3 , calling them special 't Hooft bundles. They 
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have studied their moduli space, and proved in particular that it is 
rational. Recently Tikhomirov [23] has shown that the moduli space 
of all instanton bundles on P 3 with fixed odd c 2 is irreducible, and 
together with Markushevich also that it is rational [16]. 

Generalizing from P 3 to P 2 " +1 ; Spindler and Trautmann [22] have 
introduced the notion of special instanton bundles on p 2n+1 and con- 
structed their moduli space. They also prove that this moduli space is 
non-empty, irreducible, and smooth of dimension 2n(k+l) + (2n+2) 2 — 7 
if one fixes the quantum number k + 1 of these instantons. The main 
result of the present paper, Theorem 14.91 states that the Spindler- 
Trautmann moduli space of special instanton bundles on p 2n+1 is ra- 
tional. So these instanton bundles depend on 2n(k + 1) + (2n + 2) 2 — 7 
independent complex parameters. 

Like in the case of vector bundles on a curve [151 E2j E], the proof 
involves the rationality of some Severi-Brauer varieties, whose Brauer 
classes are related to the existence of Poincare families, or universal 
families, of vector bundles parameterized by the moduli space. Spindler 
and Trautmann determined in [22] when such Poincare families of 
special instanton bundles exist. Somewhat surprisingly, Theorem 14.91 
proves rationality of the moduli space even in the cases where there 
is no Poincare family. A similar phenomenon has been observed for 
moduli spaces of vector bundles on rational surfaces [211 E] • 

Another main ingredient in the proof is the no-name lemma about 
rationality of quotients of vector spaces modulo linear groups; cf. for 
example [6]. It allows us to finally reduce to a rationality problem for 
quotients modulo PGL 2 , where the invariant ring is known explicitly; 
that's how we prove rationality of a moduli space without at the same 
time constructing a Poincare family on some open part of it. Compared 
to the the special case n = 1 of bundles on P 3 , where the rationality is 
proved in [10] . this ingredient is new. Then some results about Severi- 
Brauer varieties from [10] complete the proof. 

The structure of the present text is as follows. In Section [21 we 
recall the definition of mathematical instanton bundles that we will 
work with, and we review the correspondence to instanton monads. 
In Section [31 we recall the notion of special instanton bundles due 
to Spindler and Trautmann, and we also review their construction of 
moduli spaces for these; both aspects are based on the correspondence 
to instanton monads. Section H] is devoted to the proof of the main 
result, Theorem 14.91 
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2. Mathematical instanton bundles 

In this section, we recall the notion of (mathematical) instanton 
bundles, and their description in terms of monads. 

We work over the odd-dimensional complex projective space 

p : = p 2 ™+yc, n > i. 

An algebraic vector bundle E over P is said to have natural cohomology 
if there is at most one q with H q (F, E) ^ 0. 

Definition 2.1. Let k > 1 be an integer. A k-instanton bundle is an 
algebraic vector bundle E over P = p 2n+1 with the following properties: 

i) The rank of E is In. 

ii) The Chern polynomial of E is Ct(E) = (1 — t 2 )~ k . 
iii) For each I e Z with — In — 1 < I < 0, the twisted vector bundle 

E{1) :=E®O w {l) & 

has natural cohomology. 

Remark 2.2. i) Every fc-instanton bundle is simple by [U Theorem 2.8]. 
ii) Some authors moreover require that E has trivial splitting type. 
Note that this is an open condition. It is not used here, so we don't 
include it in our definition. 

Let Cpx(P) denote the category of complexes of coherent Cp-modules. 
By a monad, we mean a complex of vector bundles 

E' = [0 — ► E- 1 ^E° -^E 1 — >0]e Cpx(P) 

such that p is surjective, and i is an isomorphism onto a subbundle. 
As morphisms of monads, we take the morphisms in Cpx(P). The 
cohomology of the monad E* is the vector bundle 

E := ker(p)/ image {%). 

Definition 2.3. A monad E* is a k-instanton monad for k > 1, if 

E- 1 = £> P (-l) fc , E° = Ol n+2k , and E l = O v (l) k . 

The following standard facts show that the categories of fc-instanton 
bundles and of k- instanton monads are equivalent. 

Proposition 2.4. i) If E* is a k-instanton monad, then its co- 

homology E = ker(p)/ image (i) is a k-instanton bundle. 
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ii) If E' and F* are two k-instanton monads with cohomologies E 

and F, then Hom F (£, F) = Homcpx^-E*, F'). 
hi) Every k-instanton bundle E is isomorphic to the cohomology of 
some k-instanton monad E*. 

Proof, i) Let E be the cohomology of a fc-instanton monad 

— ► O v (-l) k A ol n+2k -^ C P (l) fc — ► 0. 
Then the short exact sequences of vector bundles 

— ► ker(j9) — ► 2 ¥ n+2k -^ C P (l) fc — ■> 0, 
—4 C P (-l) fc -A ker(p) — )• F — )> 

show that F has rank 2n and Chern polynomial q(F) = (1 — t 2 )~ k . 
Now tensor these sequences with Ow>(l), and consider the resulting long 
exact cohomology sequences. For I = 0, we get an exact sequence 

^ (ker(j9)) — > #°(£) — ► ^((^(-l)*) = 0. 

Here H°(ker(p)) = 0, since ker(p) is stable by [1, Theorem 2.8]; hence 
H°(E) = 0. For general I, we see that H q (E(l)) vanishes whenever 

Hi-\0 P (l + 1)) = H\O f (1)) = H« +1 (O p (1 - 1)) = 0. 

The latter holds in each of the following four cases: 

• I = —In — 1, and q ^ 2n 

• —In < I < —2, and q arbitrary 

• I = — 1, and q ^ 1 

• / = 0, and q > 2 

It follows that E(l) has natural cohomology for —2n — 1 < I < 0, the 
only possibly nonzero cohomology groups in this range being 

H 2n (E(-2n-l)), H\E(-1)), and H l (E). 

ii) Let E* and F' more generally be two monads, with cohomologies 
E and F. Given a morphism E — >■ F, we try to lift it to a morphism 
of monads F* — >■ F*. As explained in [T7J Lemma II. 4. 1.3], the ob- 
structions against the existence and uniqueness of such a lift are some 
classes in 

Ext 9 (F\ F 3 ) = H q (F, (£*) dual ® F J ') 

with i > j and q < 2. If F* and F* are fc-instanton monads, then 

Ext 9 (F\ F ] ) = H q (F, Op(j - z )rank(^)-rank(^)^ 

vanishes for all i > j and all q < 2. 
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iii) For any vector bundle E over P, Beilinson |1] has constructed a 
spectral sequence with .E^-term 

^ = #*(P,.E(p))® $£*(-?) 

which converges to E. If E is a fc-instanton bundle, then most of these 
terms vanish, and the claim follows; for some more details, see for 
example [TH Lemma 1.3 and Corollary 1.4]j □ 

Remark 2.5. Let S be a scheme of finite type over C. 

A vector bundle £ over P x S is a family of k-instanton bundles if 
its restriction to every closed point s G 5(C) is a fc-instanton bundle. 

A monad S* of vector bundles over P x S is a family of k-instanton 
monads if its restriction to every closed point s G S(C) is a fc-instanton 
monad. (This implies £ d = Gp(d) Kl F d for vector bundles F d over S.) 

With these definitions, the above equivalence between instanton bun- 
dles and instanton monads extends to families; cf. [221 P- 58511. 



3. Moduli of special instantons 

This section recalls the notion of special instantons due to Spindler- 
Trautmann [22], and their construction of moduli spaces for these. 

Still assuming k > 1, we fix two complex vector spaces V,W = C 2 . 
Let V® r -» S r V denote the rth symmetric power of V. Then 

E° nk := (S n+k V ® iy) dual ® P and 

El k := (S k V) dual <g> 00,(1) 

are vector bundles over P = p 2n+1 5 with ranks 2n + 2(k + 1) and k + 1. 
The multiplication fi r : S r V ® S^V — >■ S n+r V induces a linear map 

/4 : (S n+r V) d ™ 1 — ► (S f V) dual ® (£ n V r ) dual . 

The choice of a linear isomorphism 

6 : (S n K ® W) du&l -^ H°(P, C P (1)) 

thus determines a morphism of vector bundles 

Pb ■ E° nk — > E l nk 

such that H°(p b ) is the composition 

H\E° nk ) ^h {S k V) duAX ® {S n V g> W) dual -^ H°{E l nk ). 
Note that this composition is injective, since \x\. is surjective. 



1 In [TB], all instanton bundles are assumed to be symplectic. However, this 
assumption is not used in the quoted Lemma 1.3 and Corollary 1.4. 
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Definition 3.1. i) A (k + l)-instanton monad E* G Cpx(P) is 

called special if its stupid truncation 



T 



(£*) := [E° -^ E 1 } 



is in Cpx(P) isomorphic to a complex of the form 

Wn,k y E n ,k\ 

for some isomorphism b : (S n V ® W) dual ->■ #°(P, C P (1)). 
ii) A (A; + l)-instanton bundle E over P is special if i? is isomorphic 
to the cohomology of some special (k + l)-instanton monad. 

Remark 3.2. This definition is equivalent to the original definition given 
by Spindler and Trautmann, according to [22, Proposition 4.2]. 

In particular, all these special instanton bundles are simple, and have 
trivial splitting type; cf. also [221 Proposition 4.5]. 

With k > 1 still fixed, we consider all complexes of the form 

K k -^ K, k \ e Cpx(P) 

as above. The next step is to classify them up to isomorphy in Cpx(P). 
We have an exact sequence of algebraic groups 

1 — ► G m ^ GL(V) x GL(W) ^> GL(S n V ® WQ, 

defined by t n (X) := (Aidy, A~ n idjy) and 7T n (a, /3) := S^a £g> /3. In par- 
ticular, 7r„ allows us to identify the 7-dimensional group 

G n := GL(V) x GL(W)/i n (G m ) 

with a closed subgroup of GL(S n V (g> VT). 

Proposition 3.3. Lei k > 1 be given. The homogeneous variety 

X n :=G n \GL(S n V®W) 
is a coarse moduli space for complexes of the form [E® k — ^ E\ k ] . 

Proof. Given an isomorphism b : (S n V <g> iy) dual -). H°(P, C P (1)) and 
an element (7 G GL(S' ?1 V r <g) W), we get another isomorphism 

g-b:=bo / ual : (S n \/ ® W) dual ^ H°(F, P (1)). 

This defines a simply transitive action of GL(5' n V <8> H 7 ) on the set of 
all such isomorphisms b. 
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Every pair (a, (3) G GL(V) x GL(VF) yields a commutative diagram 
(S n+k V ® W) AaaX — — »- (S k V) Aual <g> H°(¥, Op(l)) 



(S n+fc ar 1 (g> / 9- 1 ) dual 



fc .-,, — 1 \dual 



(S*oT l ) 



(5 n+fe V <g> W) dual ^— ^ (S fc V) dual <8) #°(P, Op(1)) 

with V := TT n (a, 0) ■ b, and hence an isomorphism of complexes 



Conversely, suppose that [£° >fc -^ E^ k } and [E° fc ^> E^ k ] are 
isomorphic in Cpx(P) for some isomorphisms b and V . Then there is a 
pair (a, /3) G GL(V) x GL(VF) with b' = n n (a, (3) ■ b, according to step 
2) in the proof of [2"2"| Proposition 6.1]. 

Pick one isomorphism b : (S n V®W) dnal -> H°(F, C P (1)). Assign to 
each complex p g . bo : [E^ k ->■ ££ jfc ] with g G GL^V ® W 7 ) the moduli 
point G n g in the coset space X n = G n \ GL(S n V ® W 7 ). The coset G n g 
depends only on the isomorphism class of the complex. This turns X n 
into a coarse moduli space for the complexes in question. □ 

The group G n acts via its quotient PGL(V) on FV := (V\{0})/G m . 
Thus the homogeneous variety X n carries a natural conic bundle 

C ■= FV x G " GL(S n V xW) — ► X n 

with fibers PV^. The fiberwise symmetric power 

C (2n+k) — y Xn 

is a projective bundle with fibers 

(py)(2n+fc) = pjyOQpy- Q ( 2n + k ^ = p^2n+fc^dual_ 

Note that every element / G (S 2n+k V) l induces a linear map 

aC*(/) : 5ny ~ ► (S n+k V) d ™ 1 . 

We form the associated Grassmannian bundle 

which parameterizes linear subspaces FU C (p\/)( 2n+fc ) of dimension A;, 
or equivalently linear subspaces C/ C (gzn+fcy^duai f di mens i on k + 1. 
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Theorem 3.4 (Spindler-Trautmann). Given k > 1, let 

denote the open locus of all linear subspaces U C (g 2n + k y^ dua \ such 
that Hn +k {f) is injective for all ^ f G U . Then M^{k + 1) is a coarse 
moduli space for special (k + l)-instanton bundles over P = p 2ra+1 . 

Proof. This statement is Theorem 6.3 in [22]. For the convenience of 
the reader, we give an outline of the proof. 

The starting point is that every special (k+ l)-instanton bundle de- 
fines a special (fc+l)-instanton monad, and hence by truncation a point 
in X n . The remaining part of the monad will then be parameterized 
by the fiber of Mf{k + 1) over this point in X n . 

To be more specific, note that the choice of an isomorphism 

b : (S n V g> W0 dual ^ H°{¥, Cp(1)) 
yields a commutative diagram 

(S n+k V ®W® S n V <8> W) dual -^ (S fc \/) dual <g) S 2 ({S n V ® wo dual ) 

S 2 b 

Hom P (Ov(-l),El k ) ^ ^Hom P (O p (-1), < fe ). 

The kernel of the horizontal map /i£ consists of all multilinear forms 

(f : S n+k V ®W® S n V ® W — >• C 

which satisfy the condition 

-(f(vi, . . . , v n , v n+ i, . . . , v n+k , w, v[, . . . , v' n , w') 

=(f(v[, . . . , v' n , v n+x , ... , v n+k , w',vi,..., v n , w) 

for all Vi,v'j G V and w,w' G W. Using that <p is also symmetric in 
vi, . . . , v n+k and in v[, . . . , v' n separately, it is easy to deduce that <p is 
symmetric in all the v's and alternating in the w's. This proves 

ker(/4) = {S 2n+k V <g> A 2 W/) dual . 

Hence b induces, via the above diagram, an isomorphism 

(S 2n+k V <g> A 2 H/) dual ^> Homp (C? P (-l),ker(p b )); 

cf. also [22l Proposition 3.2]. Given a special (ft + l)-instanton monad 

E' = [0 — ► P (-l)( fc+1 ) -U £° ^> < fc — ► 0] G Cpx(P), 
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the components 0p(— 1) — > ker(pb) of i thus span a linear subspace of 
(S 2n+k V © A 2 W) dual , which corresponds to a linear subspace 

TT r~ ( o2n+k i/-\ dual 

Since z is an isomorphism onto a subbundle, U has dimension fc + 1, 
and A i * +fc (/) is injective for all ^ f 6 U; cf. [221 (3.7)]. In this way, 
the special (k + l)-instanton monad E* defines a point in Mp(k + 1). 
Conversely, every linear subspace U C ^2^+fey^duai f dimension 
k + 1 yields, by means of the above isomorphism, a linear subspace 

(A 2 ^) dual ® [/ c Hom P (0(-l),ker(p 6 )) 
of dimension A; + 1 , and hence a morphism of vector bundles 

i v : O p (-1) (A;+1) =* (A 2 iy) dual ®U® Op(-1) — > ker(p 6 ). 

If Hn+kif) * s injective for all ^ f G C/, then %u is an isomorphism 
onto a subbundle of ker(p fe ), so 

-► P (-l)( fe+1 ) ^> El, ^ < fc -^ 

is a special (fc + l)-instanton monad. This shows that Mp(k + 1) is a 
coarse moduli scheme for special (k + l)-instanton monads, and hence 
also for special [k + l)-instanton bundles due to Proposition 12 .4[ □ 

Remark 3.5. To make this precise using the formalism of moduli func- 
tors, one would have to define what a family of special (k+ l)-instanton 
bundles is, say parameterized by a scheme S of finite type over C. 

A family of isomorphisms b : {S n V ® W) dual -> i/ (P, O p (1)) is 
an isomorphism of the corresponding trivial vector bundles over S; it 
induces as before a complex of vector bundles 

[E° ntk ®O s -+ El k M O s ] 

over Px5. One could define that a family £' of (k + l)-instanton 
monads is special if its truncation t-°(S*) is etale- locally in S isomor- 
phic to a complex of this form, and that a family of (k + l)-instanton 
bundles E is special if the corresponding family of (k + l)-instanton 
monads is. Then the arguments in the above proof of Theorem 13.41 
extend routinely to families of special instantons. 

Note however that the moduli functor in [22l p. 585] is slightly 
different from this one for non-reduced S, since they only require that 
the restriction of £ to all closed points s G S(C) is special. 

Remark 3.6. The moduli space Mp(k + 1) is non-empty by [22j 3.7]. It 
is by construction an irreducible smooth variety of dimension 

dimMp(£; + 1) = 2n(k + 1) + dimX„ = 2n(k + 1) + (2n + 2) 2 - 7. 
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4. Rationality 

Let G be a linear algebraic group over C Suppose that G acts on 
an integral algebraic variety X of finite type over C We denote by 
C(X) G the field of G-invariant rational functions on X. 

Lemma 4.1. Suppose that G acts on the integral variety X' over C as 
well, and that there is an open orbit Gx' C X' with x' G X'(C). Then 

C(X x X'f =* C(X) StabG(x ' } . 

Proof. This is a special case of the standard 'lemma of Seshadri', or 
'slice lemma'; cf. for example P, Theorem 3.1]. □ 

The action of G on X is called almost free if there is a dense open 
subvariety X° C X such that the stabiliser subgroup Stabc(x) C G is 
trivial for each closed point x G X°(C). 

Lemma 4.2. Suppose V = C 2 , and n > 2. TTie natural action of 
PGL(V) on i/ie Grassmannian Gr2(S n V © S^V") zs almost free. 

Proof. Suppose that a G GL(V) represents a nontrivial element in 
PGL(y). Up to multiplication by C*, and the choice of an appropriate 
basis for V, there are three cases: 

1.) a=(l °\ AGC*, A r ^1 for all rG {l,...,n}, 

2.) a — I n j. ) , C a primitive rth root of unity, 2 < r < n, 



a 



'1 1 N 

In each case, let us estimate the dimension of the fixed point set 

Gr 2 (S n V®S n V) a . 

In case 1.), S n V decomposes into 1-dimensional eigenspaces under 
the semisimple endomorphism a, so S n V © S n V decomposes into 2- 
dimensional eigenspaces. Every 2-dimensional a-invariant subspace 

u C s n v © s n v 

is either one of these eigenspaces, or a direct sum of lines in two of 
them. The former are parameterized by a finite set, the latter by a 
finite union of products P 1 xP 1 . Hence we conclude in this case 

dimGr 2 {S n V®S n V) a = 2. 

The union of these fixed loci has dimension < 2 + dimPGL(U) = 5. 
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In case 2.), S n V decomposes into r eigenspaces (S n V) x under the 
semisimple endomorphism a. Their dimension is 

dim(S n V) x < \{n + l)/r] < \{n + l)/2] < (n + 2)/2. 

So the eigenspace (S n V) x of S n V © S n V has dimension < n + 2, and 
the space of 2-dimensional subspaces U C (S^) 2 has dimension 

dimGr 2 ((S n F) 2 ) <2n. 

If Xi 7^ X2 are two eigenvalues of a on S n V , then 

dim(S n \/) Xl + dim(S n V) X2 < <limS n V = n + 1. 

So the space of direct sums £/ = U\ Q) U 2 , where Ui is a line in the 
eigenspace (S n V) x . of a on S^V © S n V, has dimension 

dimP((5 n y)2J x F({S n V) 2 X2 ) <2dim{S n V) -2 = In. 

These two arguments cover all 2-dimensional a-invariant subspaces 
U C S n V © S n V. Hence we can conclude in this case 

dimGr 2 (5 n \/ © S n V) a < In. 

Such a G GL(V) yield finitely many 2-dimensional conjugacy classes 
in PGL(y). So the union of these fixed loci has dimension < In + 2. 
In case 3.), we can choose a basis x, y G V with 

a(x) — x and a(y) — x + y. 

The endomorphism (a — id) r of S n V has kernel 

ker(a - id) r = x n -' r+1 ■ S'^V 

for 1 < r < n + 1. In particular, the kernel of (ct — id) r on S^V" © S 171 !/ 
has dimension 2r. Suppose that U C 5"^ © S^V is 2-dimensional and 
a- invariant. It follows that a — id is a nilpotent endomorphism of U. 

If a — id = on U, then U coincides with the kernel C • x n © C • x n 
of a — id on S n V © S n V; hence U is unique in this situation. 

Otherwise, we have (a — id) 2 = on U, and U — C • u © C • a(-u) for 
any element u & U with a(-u) 7^ -u. Here -u can be any element in the 
4-dimensional kernel of (a — id) 2 on S n V © S n V with a(u) 7^ u. 

Hence we conclude in this case 

dim Gr 2 (S n V © S n V) a = 4-2 = 2. 

This a G GL(V^) yields one 2-dimensional conjugacy class in PGL(V). 
So the union of these fixed loci has dimension < 2 + 2 = 4. 

The Grassmannian Gr 2 (S n V © S n V) has dimension An. Using the 
assumption n > 2, we see that the closure of all these fixed points has 
smaller dimension. On the open complement, PGL(V) acts freely. □ 
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We say that the field C(X) G of G-invariant rational functions on X 
is rational if it is purely transcendental over the base field C 

Example 4.3. The group PGL(V) with V — C 2 acts on the vector space 
End(V) 2 over C by simultaneous conjugation. The action is known to 
be almost free, and the field of invariants 

(1) C(End(V) 2 ) PGL(V0 

is rational. In fact, sending (cti, a 2 ) G End(V) 2 to the traces of the five 
maps ai,a 2 , af, aia 2 , a 2 G End(V) defines an isomorphism 

End(V07/PGL(V) ^>A 5 . 

Lemma 4.4 (No-name lemma). Let G act linearly on vector spaces M 
and M' of finite dimension over C. If G is reductive, and acts almost 
freely on M, then C(M © M') is purely transcendental over C(M) G . 

Proof. This statement is contained for example in [61 Corollary 3.8]. □ 

Example 4.5. Let the group PGL(V) with V — C 2 act linearly on a 
finite-dimensional vector space M' over C. Then the field of invariants 

C(End(V r ) 2 ©M') PGL(y) 

is purely transcendental over the field (JT]), and hence rational. 

We keep the notation of the previous section, so V, W = C 2 , and 

G n = GL(V) x GL(W)/t„(G m ) with i n (\) := (Aid V) A~ n id w ). 

Proposition 4.6. The coarse moduli space X n = G n \ GL(S n V ® W) 
constructed in Proposition \3.3\ is rational. 

Proof. The function field of X n is by construction 

C(X n ) = C((S n V (8) W) 2n+2 ) Gn . 

We start with the special case n = 1. The action of G\ on V © W has 
an open orbit, whose points correspond to linear maps ip : iy dual — y V 
that are bijective. Thus Lemma [4.11 yields 

C(Xi) = C((V © wf) Gl S C((V © iy) 3 ) stabGi w . 

The canonical projection G\ -» PGL(V) restricts to an isomorphism 

Stab Gl (^) -^>PGL(V). 
Since the linear isomorphism 

V ®W (V '~ 1)dUa '> V ® V dn&l = End(K) 
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intertwines the action of Stabc 1 ('0) with that of PGL(V), we conclude 
C(X 1 )^C(End(V) 3 ) PGL(y) . 

Using Example I4.5[ it follows that X\ is rational. 

For the rest of the proof, we assume n > 2. The group GL(V) acts 
on the 2-dimensional vector space 

I C 2 © det 2" V for n even, 
V(n) := < „_i 

\V®&et—V for n odd, 

in such a way that the center G m C GL(V) acts with weight n. Thus 
the action of GL(V) x GL(VF) on the 4-dimensional vector space 

V(n) © W 

descends to an action of G n . This action again has an open orbit, 
whose points correspond to bijective linear maps ip : jy dual — y V(n). 

Viewing elements of (S n V © W) 2 as linear maps from W/ dual to the 
direct sum S n V © S n V, the open locus of injective linear maps is a 
GL(W)-torsor over the Grassmannian Gi2(S n V © S n V) . Thus G n acts 
almost freely on (S n V © W) 2 , due to Lemma F4.2I 

It follows that the field C(X n ) is purely transcendental over the field 

C((S n V © Wf © End(V) 2 © (F(n) © PU)) Gn , 

since both are purely transcendental over C((S , "K© W) 2 ) Gn according 
to Lemma I4.4[ the former of transcendence degree 2n(2n + 2) > 24, 
and the latter of transcendence degree 12. 

Thus Lemma [4.11 yields that C(X n ) is purely transcendental over 

C((S n V © W) 2 © End(V0 2 ) StabG " W . 

But this field is rational according to Example 14.51 since the stabiliser 
of ijj in G n projects again isomorphically onto PGL(V). □ 

Remark 4.7. The conic bundle C — y X n with fibers FV is not Zariski- 
locally trivial; cf. [22l Proposition 8.5]. It follows that the G n -torsor 
GL(S n V © W) — y X n is not Zariski-locally trivial either. The obstruc- 
tion against both is a Brauer class, which can be described as follows: 

The proof of Proposition 14.61 shows that C(X n ) is actually purely 
transcendental over C(End(V) 2 ) PGL( - y ). Over the latter, one has the 
so-called generic quaternion algebra; cf. [2QI Chapter 14]. Its image in 
the Brauer group of C(X n ) is the obstruction class in question. 

An equivalent way to state this is to say that the stack quotient 
of GL(S n V © W) modulo GL{V) x GL(W) is birational to an afline 
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space times the stack quotient of End(V) 2 modulo GL(V). This can 
be proved along the same lines as Proposition 14.61 above. 

Remark 4.8. The variety X n , its rationality, and the local nontriviality 
of bundles over it in Remark 14.71 did not depend on k. But the existence 
of Poincare families over P x X n does depend on k, as follows. 

Fix k > 1. The closed points x 6 X n (C) correspond to certain 
isomorphism classes of complexes 

ET = [E° — > E 1 } e Cpx(P) 

with E° = of +2(k+l) and E 1 = C P (l) fc+1 . A complex of vector bundles 

£• = [s° —> S 1 ] e C P x(P x X n ) 

is a Poincare family if for every closed point x G X n (C), the corre- 
sponding isomorphism class contains the restriction of £' to P x {x}. 
There is a universal family 6 umv of isomorphisms b, parameterized by 
GL(S n V® W); cf. Remark [331 It induces a complex of vector bundles 

[En,k ^ ®GL(S n V®W) > E n ,k ^ ®GL(S"V®W)} 

over P x GL(S n V ® W). On this complex, GL(V) x GL(V^) acts; the 
image of G m under i n acts with weight —k. 

If k is even, we can tensor the complex with the 1-dimensional rep- 
resentation det k/2 {V) of GL(V) x GL(W). After that, the image of G m 
under i n acts trivially, so the action of GL(V) x GL(VF) descends to an 
action of G n . Then the complex descends to a complex £' over P x X n , 
which is indeed a Poincare family in the above sense. 

If k is odd, then one can show that no Poincare family £' over P x X n 
exists; cf. [22l Proposition 8.5]. 

One way to view this is to note that the moduli stack parameterizing 
the complexes in question does depend on k. It is in fact the stack quo- 
tient X nM of Gh(S n V®W) modulo the group GL(V) x GL(W)/t n {fi k ), 
which can be proved along the same lines as Proposition 13.31 

The stack X n ^ is birational to an affine space times the stack quotient 
of End(V) 2 modulo GL(V) /fik] cf. the previous remark. Thus the 
obstruction against Poincare families is k times the Brauer class over 
C(X n ) coming from the generic quaternion algebra. So we see again 
that the obstruction vanishes if and only if k is even. 

Theorem 4.9. Forn > 1 and k > 1, the coarse moduli space Mp(k + 1) 
of special (k + l)-instanton bundles over P = p 2n+1 is rational. 

Proof. Recall that Mp(fc + 1) is constructed as an open subvariety in the 
Grassmannian bundle Gr k (C( 2n+k ^) over X n . We have just seen that 
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X n is rational. Using pH Proposition 2.2], it follows that Gr fc (C (2n+fc) ) 
is also rational, since k and In + k have the same parity. □ 

Remark 4.10. In the special case n — 1, which means P = P 3 , the 
rationality of Mp(fc + 1) has already been proved by Hirschowitz and 
Narasimhan [10, Theoreme 4.10]. They also prove the rationality of X\ 
[TDj Theoreme 3. 4. II]; their proof is different from the one given here. 

Remark 4.11. What [TUl Proposition 2.2] proves is that the Grassman- 
nian bundle Gik(C ( - 2n+k ' ) ) — >■ X n has rational generic fiber. This does 
not necessarily mean that it is Zariski-locally trivial. One can show 
that it is Zariski-locally trivial if and only if k is even; cf . Remark 14.81 

Remark 4.12. [22], Theorem 8.2] states that there is a Poincare family 
of special instanton bundles S over P x Mp(k + 1) if and only if k is 
even. In fact the obstruction class is the pullback of the obstruction 
class on X n explained in Remark 14.81 

An equivalent way to state this is to say that the moduli stack 
Aip(k + 1) of special instanton bundles is birational to an affine space 
times the stack X n j. in Remark 14.81 Observing that hA^ik + 1) is open 
in a Grassmannian bundle over X^, this can also be proved using 
Lemma 5.5 and Lemma 4.10 in [TTj . 

References 

[1] V. Ancona and G. Ottaviani. Stability of special instanton bundles on p 2 ™+ 1 . 
Trans. Am. Math. Soc, 341(2):677-693, 1994. 

[2] M.F. Atiyah, V.G. Drinfeld, N.J. Hitchin, and Yu.I. Manin. Construction of 
instantons. Phys. Lett. A, 65:185-187, 1978. 

[3] W. Barth and K. Hulck. Monads and moduli of vector bundles. Manuscr. 
Math., 25:323-347, 1978. 

[4] A. A. Beilinson. Coherent sheaves on P n and problems of linear algebra. Fund. 
Anal. Appl, 12:214-216, 1979. 

[5] M. Mamone Capria and S. M. Salamon. Yang-Mills fields on quaternionic 
spaces. Nonlinearity, l(4):517-530, 1988. 

[6] J.-L. Colliot-Thelene and J. -J. Sansuc. The rationality problem for fields of 
invariants under linear algebraic groups. In V. Mehta, editor, Algebraic groups 
and homogeneous spaces (Mumbai 2004), pages 113-186, 2007. 

[7] E. Corrigan, P. Goddard, and A. Kent. Some comments on the ADHM con- 
struction in Ak dimensions. Comm. Math. Phys., 100(1):1-13, 1985. 

[8] L. Costa and R.M. Miro-Roig. Rationality of moduli spaces of vector bundles 
on Hirzebruch surfaces. J. Reine Angew. Math., 509:151-166, 1999. 

[9] A. Douady and J.-L. Verdier, editors. Les equations de Yang-Mills. Seminaire 
E.N.S. 1977-1978, Asterisque 71-72. Paris: Soc. Math. France, 1980. 
[10] A. Hirschowitz and M.S. Narasimhan. Fibres de 't Hooft speciaux et applica- 
tions. In Enumerative geometry and classical algebraic geometry (Nice 1981), 
pages 143-164. Progress in Math. 24, Birkhauser, 1982. 



16 NORBERT HOFFMANN 

[11] N. Hoffmann. Rationality and Poincare families for vector bundles with extra 

structure on a curve. Int. Math. Res. Not., Article ID rnm010:30 p., 2007. 
[12] N. Hoffmann. Moduli stacks of vector bundles on curves and the King-Schoficld 

rationality proof. In F. Bogomolov and Y. Tschinkcl, editors, Cohomological 

and geometric approaches to rationality problems. New perspectives, volume 

282 of Progr. Math., pages 133-148. Birkhauser, Boston, 2010. 
[13] G. Horrocks. Vector bundles on the punctured spectrum of a local ring. Proc. 

London Math. Soc, III. Ser., 14:689-713, 1964. 
[14] Y. Kametani and Y. Nagatomo. Construction of C2-sclf-dual bundles on a 

quaternionic projective space. Osaka J. Math., 32(4):1023-1033, 1995. 
[15] A. King and A. Schoficld. Rationality of moduli of vector bundles on curves. 

Indag. Math., New Ser., 10(4):519-535, 1999. 
[16] D. Markushevich and A.S. Tikhomirov. Rationality of instanton moduli. 

preprint arXiv:1012.4132. http: //www. arXiv.org. 
[17] C. Okonek, M. Schneider, and H. Spindlcr. Vector bundles on complex projec- 
tive spaces. Birkhauser, Boston - Basel - Stuttgart, 1980. 
[18] C. Okonek and H. Spindlcr. Mathematical instanton bundles on p 2n + 1 . J. 

Heme Angew. Math., 364:35-50, 1986. 
[19] S.M. Salamon. Quaternionic structures and twistor spaces. In T.J. Willmore 

and N.J. Hitchin, editors, Global Riemannian geometry (Durham 1982), pages 

65-74, 1984. 
[20] D.J. Saltman. Lectures on division algebras. Regional Conference Series in 

Mathematics, 94. Providence, RI: American Mathematical Society, 1999. 
[21] A. Schoficld. Birational classification of moduli spaces of vector bundles over 

P 2 . Indag. Math., New Ser., 12(3):433-448, 2001. 
[22] H. Spindler and G. Trautmann. Special instanton bundles on P2N+1, their 

geometry and their moduli. Math. Ann., 286(l-3):559-592, 1990. 
[23] A.S. Tikhomirov. Moduli of mathematical instanton vector bundles with odd 

C2 on projective space, preprint arXiv:1101.3016. http://www.arXiv.org. 

Freie Universitat Berlin, Institut fur Mathematik, Arnimallee 3, 
14195 Berlin, Germany 

E-mail address: norbert.hoffmann@fu-berlin.de 



